We study a spatial quantum superposition of a diatomic molecule type composite system and its decoherence due to emission of electromagnetic and gravitational radiation. The time-evolution of the reduced density matrix of the system with the influence functional from radiation fields is solved using the path integral formalism. It is shown that the spatial superposition state of a composite system can decohere by emission of radiation due to the fact that radiation is entangled with the internal degrees of freedom which is entangled with the external degrees of freedom. We also briefly discuss decoherence due to the quantization of the static Coulomb field generated by the superposed particle and the problems which arise when the electromagnetic field is replaced by gravity.
I. INTRODUCTION
Recently, the studies of gravitational decoherence [1] [2] [3] , decoherence studies in the framework of field theories [4] [5] [6] [7] [8] [9] or in ADM formalism [10] , and the effects of gravity or relativity on quantum mechanics [11, 12] have attracted considerable interest. An essential observation, which we shall develop further in this article, is the fact that decoherence, even though driven by interaction with an environment, can depend on the details of the initial state of a system and on the time evolution of that state. Derivation of master equations and a reduced density matrix propagator with the influence functional from an environmental bath is an important step, but it does not give the complete picture in many cases [13] .
The focus of this article is to study the decoherence of a composite system due to emission of quantized radiation fields. Discussions of environmental decoherence often involve a single particle interacting with an environmental bath. Our purpose in studying a composite system is to have a simple mechanism whereby the system can emit radiation.
We assume there are no ambient radiation fields in the initial state and study decoherence of a spatial superposition of the composite system due to its own emission of radiation. The starting point of the problem of decoherence by the quantized fields generated by a quantum system itself was discussed in [14, 15] . When a system is in a quantum superposition, a field generated by it should be also in a quantum superposition, and therefore it is necessary to quantize fields including a gravitational field if they are generated by a quantum system. If the system concerned is only a single quantum particle, we do not have emission of radiation generally, however when a quantum superposition of a composite system possessing dipole or quadrupole moment is considered, it would be possible to have decoherence caused by radiation fields generated by it.
Recent studies of [16, 17] showed that the process of making a spatial superposition state of a composite sys- * fumika@physics.ubc.ca tem using a half-silvered mirror causes the external degrees of freedom (i.e., centre of mass coordinate) and the internal degrees of freedom (i.e., relative coordinate) get entangled with each other, namely it was observed that the reflected part has more excited internal modes than the transmitted part has. This indicates that one is able to tell whether the wave packet is the reflected or the transmitted part by looking at the internal degrees of freedom. The states of the internal degrees of freedom can be measured indirectly by observing radiation emitted from it. Following [16] , we prepare a spatial superposition state of a composite system consisting of two particles interacting with each other via a harmonic potential in Section II A. We review how the external degrees of freedom of a composite system gets entangled with its internal degrees of freedom, and use such spatial superposition state of a composite system possessing the entanglement between the external and internal degrees of freedom to study its decoherence by emission of radiation in Section II B. In the section, we use the density matrix propagator with the influence functional from radiation fields to study the time-evolution of the reduced density matrix of a composite system. It is observed that the superposition of the ground and excited states of the internal degrees of freedom, and the spatial superposition of the transmitted and the reflected part of the external degrees of freedom associated with it, can be suppressed by tracing out radiation fields. Radiation fields consist of on-shell particles that can freely propagate following their dynamical equations. On the other hand, in Section III, we look at off-shell photons that do not have their own dynamical equations to obey, and appear only as an interaction between two charges by a static Coulomb field. In the section, we discuss decoherence caused by a static Coulomb field and the problems which arises when the field is replaced by gravity. Units are chosen throughout such that c = = 1.
II. DECOHERENCE OF A COMPOSITE SYSTEM BY QUANTIZED RADIATION FIELDS
A. Entanglement between external and internal degrees of freedom of a composite system
In this section, we create the spatial superposition state of a diatomic molecule type composite system by using the procedure of [16] , which is used in the following section in order to study decoherence of a composite system by emission of radiation.
Let us consider the Hamiltonian for two particles interacting with each other by a harmonic potential written asĤ
whereP ,p are the centre of mass (CM) and the relative coordinate momentum operator respectively, M is the sum of two masses M = m 1 + m 2 , µ is the reduced mass and ω is the natural frequency of the oscillator. We prepare the initial wave packet using eigenstates of (1) in the form Ψ 0 (X, x) = f (X)φ 0 (x) where
Here X is the CM coordinate of two particles, x is the relative distance between them, P 0 is the initial CM momentum, σ is the width of the initial wave packet with its centre being X 0 . We have the internal (relative coordinate) degrees of freedom of the wave packet is in the ground state φ 0 (x) initially. In order to make a spatial superposition state of this composite system in the CM coordinate, [16] introduced a delta potential at the origin,V = V 1 δ(
Mx toĤ 0 . They assumed the wave packet is initially centred to the left of the potential (X 0 < 0), and then it scatters by the potential to be separated into the transmitted and reflected parts. They observed that this process makes the external (CM coordinate) degrees of freedom and the internal (relative coordinate) degrees of freedom get entangled with each other even if the wave packet Ψ 0 (X, x) is in the pure state initially. Since the excitations of the internal degrees of freedom are sensitive to the energy transfer from the CM motion to the relative motion, their behaviour largely depends on the initial energy of the CM coordinate E CM and that of the relative coordinate E rel . Here, we assumed that one particle is much heavier than the other, i.e., m 1 m 2 (e.g., a particle 1 is a proton and a particle 2 is an electron) and only a particle m 2 interacts with the delta potential, i.e., V 1 = 0. Then, when one chooses E CM = 2E rel and the other parameters such that the initial wave packet can be half transmitted and half reflected, one obtains the reflected part has more excited modes than the transmitted part has as shown in FIG. 1 where the wave packet which is moved far away from the potential after the scattering is expressed as Ψ(X, x) = m,n C m,n g m (X)φ n (x) = n u n (X)φ n (x) with g m (X), φ n (x) being eigenstates in the CM and in the relative coordinate respectively and u n (X) = m C m,n g m (X). Following [16] , − −∞ |u n (X)| 2 dX and ∞ |u n (X)| 2 dX were plotted as probabilities of finding the reflected part and transmitted part having its internal degrees of freedom being in the state φ n (x) respectively.
As we see, the wave packet after the scattering Ψ(X, x) can be roughly written as
where superscripts T and R represent "transmitted" and "reflected" respectively. If we look at the reduced density matrix for the CM coordinate ρ CM (X, X ), we find
by using φ n (x)φ * m (x)dx = δ nm . This indicates that the coherence terms such as u T 0 (X)u R * 1 (X ) etc. get suppressed if one traces out the internal degrees of freedom φ n (x). Indeed von Neumann entropy S ext−int = −tr(ρ CM log 2 ρ CM ) that measures the entanglement between the external (CM) and the internal (relative) degrees of freedom increased to 1.3 after a scattering while it was zero before the scattering. However since both of the reflected and the transmitted part has the nonzero amplitude for having the internal states in the ground state, we still have the partial coherence terms representing superposition of the reflected and the transmitted parts, u In the following section, we use this type of a spatial superposition of a composite system to study its decoherence by emission of radiation.
B. Decoherence by emission of radiation
When decoherence is discussed, it is important to clarify the property of the interaction between the environment and the system concerned. The environment discussed here is consisted of radiation fields generated by the composite system, while we do not have any ambient radiation fields present initially. When the composite system has the oscillating dipole moment or excited
The wave packet after the scattering by a delta potential when V 1 is zero and V 2 is nonzero where the initial wave packet before scattering is in the form Ψ 0 (X, x) (above). Probability of finding the internal states φ n in the transmitted and in the reflected part. The initial energy of CM coordinate is twice larger than than that of the relative coordinate. State number n = 0 corresponds to the ground state, and n = 1 is for the first excited state etc. The similar result was also found in [16] (below).
internal states, we have radiation emitted from the system, while radiation is generally not emitted if its internal states are in the ground state. The similar example was also discussed in [6, 7] . Here the emitted radiation as the environment can monitor whether the internal states of the system are in the excited state or in the ground state. Therefore if we have a composite system with its internal states being in a superposition of those states, then radiation fields generated by the system give which-way information and cause decoherence on the superposition. This kind of superposition state is already prepared in the previous section. Here, we study its decoherence due to emission of radiation using the path integrals formalism.
As it was shown in the previous section, since we can roughly know whether the wave packet is the reflected or the transmitted part by looking at the internal degrees of freedom x, we now focus on x and simplify the wave packet of the composite system concerned by writing
The wave packet describes that the internal degrees of freedom is in a superposition of the ground state and the second excited state, and the external degrees of freedom (reflected/transmitted) is partially entangled with it, i.e., φ
. It was seen in FIG. 1 that the first excited state was also populated in the reflected part, however we use (5) to simplify calculations below.
Then the density matrix is
Here one knows the wave packet is either the reflected or transmitted part if the ground state φ T /R 0 (x) is measured, while it is the reflected part when the excited state φ
Assuming that two particles of a composite system have opposite charges q and −q (e.g. a proton and an electron), the superposition of the ground state and excited state in the internal degrees of freedom suggests that there exists a superposition of a dipole qx or quadrupole moment Q ij associated with it. Superposed dipole moment generates superposed electromagnetic radiation, while superposed quadrupole moment might generate superposed gravitational radiation if Einstein's equations are valid even in the quantum regime. Therefore, radiation is entangled with the internal states of the system (FIG. 2) :
where Φ n (a) represents radiation fields associated with φ n (x). We now derive the influence functional from radiation fields for the reduced density matrix propagator of the internal degrees of freedom. Here we work in the Coulomb gauge, ∇ · A = 0. The action for the internal degrees of freedom interacting with radiation fields can be written as
One can partially tell whether it is the transmitted or the reflected part by looking at which-way information from electromagnetic or gravitational radiation.
where
in the case of electromagnetic radiation fields. Note that Coulomb interactions and the other interactions between two particles are assumed to be included in the effective potential modelled as a harmonic potential for simplicity. Here λ = 1, 2 represents polarizations, j(r, t) = −qẋ(t)δ 3 (r − x(t)) and x λ are the components of x in the direction transverse to k [18] . In the previous section, we defined x as the relative distance between two particles x = x 2 − x 1 . Here we use the assumption thaṫ x 2 ẋ 1 (with m 1 m 2 ) andẋ ≈ẋ 2 , i.e., the term qẋ 1 is negligible compared to −qẋ 2 ≈ −qẋ.
Also we used the expansion of A and j in plane waves,
When two particles do not have charges, however they are still coupled to the gravitational radiation fields by their energy-momentum tensor T ij instead, S int and S rad can be replaced by [19] S int = d 4 rh ij (r, t)T ij (r, t),
in the weak gravity regime.
As in the case of the electromagnetic radiation, we expand the transverse-traceless parts h ij of the gravitational fields and T ij into plane waves,
where h
k (t) with the transversetraceless polarization tensors
Note that here we take the general assumption of quantum mechanics that an observer is always external and is located in the source-free region. With this assumption, the transverse-traceless gauge, i.e., h 0µ = h ij ,i = h i i = 0, can be introduced as in (11) . In general relativity, however, an observer is normally located inside of the system and this fact causes problems as explained in [1, 2] , which will be briefly discussed in the next section.
Here we follow the quantum mechanical view point and write the time-evolution of the density matrix as ρ(x, x , a λ , a λ ; t)
where a λ → h (λ) ij for gravitational radiation and the density matrix propagator W is
Then the reduced density matrix ρ red (x, x ; t) for x can be written as
where j and j represent current associated with x and x respectively and K 0 = Dxe iS0 . Since S rad + S int gives the action for the forced harmonic oscillator, we can calculate the influence functional F as (Appendix A)
assuming there are no ambient radiation fields except those emitted by the composite system concerned. The correlation functions are given by summing over photon polarizations,
with
The similar expression of the influence functional was also obtained in [6, 7] .
In the case of gravitational radiation fields, the influence functional can be obtained in the similar way [5, 9, 10] as
with the correlation functions
The sum over polarizations of two on-shell graviton states gives the polarization tensor
Π ij,kl = 1 2 (P ik P jl + P il P jk − P ij P kl ) where the projection operators are P ij = δ ij − kikj |k| 2 . Here T ij and T ij are associated with x and x respectively. If we introduce the energy-momentum tensor,
we obtain the expressions similar to (16) and that obtained in [5] .
We now evaluate decoherence of the internal states (and superposition of the transmitted and reflected parts associated with them) by radiation fields. We look at the reduced density matrix ρ red (x, x ; t) (15). The imaginary and real parts of the phase Θ photon/grav in the influence functional (16), (19) lead to dissipation and decoherence respectively. Since the internal degrees of freedom follows motion of the harmonic oscillator S 0 (9), its classical path x c (s) with the boundary condition x(0) = x 0 , x(t) = x can be written as
For simplicity, we assume that the oscillator moves in one-dimension. Ignoring damping, we substitute (22) into (16) and (19) to obtain
and
where α = q 2 4π ≈ 1/137 is the fine-structure constant.
Here we used the fact that the frequency of the emitted electromagnetic or gravitational wave is similar to the natural frequency ω of the oscillator, in contrast to the situation where one needs to introduce a cutoff frequency of the ambient environmental bath. We also used k is mostly perpendicular to x, i.e., the wavevector of the emitted radiation is mostly perpendicular to a dipole or quadrupole moment, and assumed t > 1/ω to simplify the expressions.
The averaged power emitted in the form of the electromagnetic radiation by the classical path x c is given by the Larmor's formula,
and the averaged power emitted in the form of the gravitational radiation is
We find similarities between (25, 26) and (23, 24) . Indeed Θ photon/grav → 0 and P photon/grav → 0 as ω → 0, i.e., if there are no radiation emitted, we do not have decoherence.
We now evaluate
FIG. 3: p 0 (n 1 , n 2 ) has off-diagonal elements representing superposition of the ground and excited state (above). After decoherence due to radiation, those superposition states get suppressed in p t (n 1 , n 2 ) (below).
The diagonal elements p 0 (n 1 , n 2 = n 1 ) represents probabilities of finding the wave packet in the state n 1 = n 2 where n 1 = n 2 = 0, n 1 = n 2 = 2 correspond to the ground state and the second excited state respectively. The off-diagonal elements p 0 (n 1 , n 2 = n 1 ) represents a quantum superposition of state n 1 and state n 2 . For example, n 1 = 0, n 2 = 2 corresponds to a superposition of the ground and the second excited state. Since radiation fields monitor whether the internal degrees of freedom is in the ground state or in the excited state, it is convenient to use p 0 (n 1 , n 2 ) to see the decoherence phenomena clearly.
Since S 0 is the action for harmonic oscillator, we have [18] 
In order to simplify the calculations, we replace Θ photon/grav by Re(Θ photon/grav ) so that we focus on the decoherence effects caused by radiation emission.
Numerically, we plot FIG. 3 for the case of Θ photon . It is observed that after t = 5.3(2π/ω), we see that the off-diagonal elements of p t (n 1 , n 2 ) representing superposition of the ground state and excited state are largely suppressed. We see that von Neumann entropy of the entanglement between the internal degrees of freedom and radiation fields increased from S int−rad = −tr(p t log 2 p t ) = 0 (at t = 0) to 1.7 (at t = 5.3(2π/ω)). Since the external (CM coordinate) degrees of freedom of the composite system is also entangled with the internal degrees of freedom that is entangled with radiation fields, superposition of the reflected and transmitted part of the wave packet should be partially suppressed as well due to emission of radiation, i.e., if radiation is emitted, we know that the wave packet is the reflected part. It is also shown that the second excited state is less populated and the first excited state gets populated instead after time t. The effect of Re(Θ grav ) is similar, although it is much weaker than that of Re(Θ photon ) by a factor of Gµ 2 /α even if it exists.
III. DECOHERENCE BY QUANTIZED STATIC FIELDS
So far we discussed decoherence caused by the superposed radiation fields generated by the superposed fourcurrent or energy-momentum tensor of a composite system. The decoherence is caused by on-shell particles representing the electromagnetic waves or gravitational waves that propagate according to their own dynamical equations of motions. On the other hand, off-shell photons generally can only appear as an interaction between particles. Note that the situation can become more complicated in the case of gravity where spacetime becomes dynamical. Off-shell particles often appear in the action of the particles, and they were assumed to be included in the effective potential modelled as a harmonic potential in S 0 (9) for simplicity in the previous section.
Of course, without the simplification, Hamiltonian of two particles interacting with each other by a Coulomb interaction iŝ
where the third term is the contribution from the off-shell photons.
Normally the Hamiltonian of two particles interacting via the potential depending only on their relative distance is separable in the relative and CM coordinates, therefore its eigenwavefunctions are also separated in those two coordinates, and the entanglement between them does not change when the system according to Hamiltonian (30). However since (30) is not separable in (x 1 , x 2 )-coordinates, its eigenwavefunctions generally have entangled coordinate x 1 and x 2 , and the time-evolution according to the Hamiltonian can change the entanglement between those two coordinates. In other words, off-shell photons make x 1 and x 2 entangled with each other, unlike on-shell photons that monitor the internal excitations of the composite system in the previous section.
For example, let us consider we have an electron in a spatial superposition state of two locations, x 1 = d > 0 and x 1 = −d. We may write its wave-function as
where σ 1 is the width of Gaussian distribution. Then we have the superposed static Coulomb field generated by the superposed charge density of an electron. Therefore, if we could measure the static field, one can tell whether an electron is at position d or −d. However, since off-shell photons can only appear in terms of the interaction between particles, we put a particle 2 with a negative charge at the origin in order to measure the Coulomb field:
Even if we start with the pure state, ψ(x 1 )φ(x 2 ), the time-evolution by the Hamiltonian (30) makes x 1 and x 2 get entangled after some time, i.e., if a particle 2 is repelled in the negative direction, we know a particle 1 is at d and if a particle 2 is repelled in the positive direction, we know a particle 1 is at −d respectively:
Then if we trace out the position x 2 of a particle 2, we obtain the decoherence of the spatial superposition of a particle 1. Note that the decoherence is more easily controlled and sometimes coherence can be restored, in contrast to the decoherence due to radiation fields discussed in the previous section, where the environment was a large bath of radiation fields, while here the external object traced out is only a single particle x 2 . For example, if one makes the mass of a particle 2 heavier or the width σ 2 of φ(x 2 ) larger so that the particle becomes insensitive to the Coulomb field of a particle 1, then the change in the entanglement between x 1 and x 2 becomes much smaller generally. Moreover if we attach a particle 2 to a harmonic oscillator:
so that it tries to pull a particle 2 back toward the origin after some time, we see that the von Neumann entropy which measures the entanglement between x 1 and x 2 decreases and coherence can be restored again after some time (Figure 4) . In the figure, we chose
= 1/200, and looked at the time-evolution of the entropy of the entanglement between x 1 and x 2 when the system evolves according to the HamiltonianĤ (30) andĤ (34) respectively with the initial wave-function ψ(x 1 )φ(x 2 ) being in the pure state. In both cases, the entropy increases initially, however when a particle 2 gets far away from the origin, the spring tries to pull it back and the entropy decreases in the case ofĤ . We see that the interference pattern produced by the reduced density matrix in x 1 at the moment of maximal overlap is largely suppressed when the system evolves according toĤ, whereas the clear interference pattern can be produced when the system evolves according toĤ ( Figure 5 ). Of course, if we have many particles interact with a particle 1 via the Coulomb interaction and then fly away like radiation, it becomes equally difficult to restore the coherence again.
The discussions above would be valid even if the Coulomb field is replaced by the static Newtonian gravitational field, as long as it is assumed that the observer is external, which is the general assumption in the conventional quantum mechanics. On the other hand, the observer is considered to be internal in general relativity, and is affected by spacetime structure made by the system concerned and himself and his backreaction on it. It was considered in [1, 2] that the superposition of matter causes the superposition of time of the internal observer which may lead to gravitational decoherence as the quantum gravity effect. Here it seems that gravity makes not only spatial coordinates but also space and time get entangled with each other. However it is still an open problem how the quantum mechanics of an internal observer [20, 21] or quantum reference frame [22, 23] can be related to those studies of gravitational decoherence, what is the Schrödinger equations with the entangled space and time, and the relations between observables of the internal observer and those of the external observer or the relations between the Schrödinger equation in ADM formalism derived by one coordinate/gauge fixing and by the other coordinate/gauge fixings in the strong gravity regime [3] are still unclear. Those questions are beyond the scope of this article, and we performed all calculations of Section II with the assumption that the observer is external and is in the source-free region in flat spacetime, in the weak-gravity regime.
IV. CONCLUSION
We have studied decoherence of superposed internal degrees of freedom and spatial superposition of a composite system associated with it due to emission of radiation. We used the fact that the reflected part has more excited internal modes than the transmitted part has when the spatial superposition of a composite system is made by a half-silvered mirror. It is possible to study the time-evolution of the reduced density matrix of the internal degrees of freedom using the density matrix propagator with the influence functional from radiation fields. The influence functional can be evaluated for the electromagnetic radiation and for the gravitational radiation assuming that Einstein's equations are valid even in the quantum regime and the observer is external. We observed that a superposition of the ground and excited state of the internal degrees of freedom can be suppressed by emission of radiation. Since there exists the entanglement between the external and internal degrees of freedom, it is also possible that radiation emission can cause the partial decoherence on the spatial superposition (i.e., reflected or transmitted) of the external degrees of freedom. On-shell particles representing electromagnetic or gravitational waves are responsible for the decoherence. On the other hand, off-shell photons can only appear as the interactions between the charges via the static Coulomb field and play a different role in decoherence. The static field makes positions of particles entangled and causes decoherence of a spatial superposition of one particle when the external particles interacted by the particle concerned due to the field are traced out. However, it is easy to recover coherence in some cases when the number of the external particles involved is a few, compared to decoherence via radiation fields where it is much more difficult to restore coherence again from the large bath of radiation. Note that decoherence discussed above is not directly related to the gravitational decoherence discussed in [1, 2] . Although it is expected that the static Newtonian gravitational field acts in a similar way as the static Coulomb field, the situation can become more complicated in the case of gravity, as it seems that it may make spatial and time coordinates get entangled, and the observer becomes internal in general relativity. We did not address this problem in the present article, and evaluated everything using the assumption that the observer is external and is in the source-free region, in the weak-gravity regime.
fields is in the ground state, 
For each polarization λ = 1, 2, we have
